The ratio B(K L → π 0 νν)/B(K + → π + νν) of the branching fractions of kaon decays K L → π 0 νν and K + → π + νν has a maximum of about 4.3 under the assumption that the underlying interactions change isospin by ∆I = 1/2. This is referred to as the Grossman-Nir (GN) bound, which is respected by the standard model (SM) and by many scenarios beyond it. Recent preliminary results of the KOTO and NA62 Collaborations searching for these kaon modes seem to imply a violation of this bound. The KOTO findings also suggest that B(K L → π 0 νν) could be much larger, by nearly two orders of magnitude, than that predicted in the SM. In this work we study the possibility of violating the GN bound in an effective field theory approach with only SM fields. We show that the bound holds, in addition to the original GN scenarios, whether or not the kaon decays conserve lepton number. We demonstrate that the inclusion of ∆I = 3/2 operators can lead to a violation of the GN bound and illustrate with an example of how the KOTO numbers may be reached with a new physics scale of order tens of GeV.
I. INTRODUCTION
This process is related to its charged counterpart K + → π + 2ν, which has a SM branching fraction of [2] [3] [4] B(K + → π + νν) SM = (8.5 ± 0.5) × 10 −11 . The latest quest for it by the NA62 Collaboration [6] has yielded a preliminary bound of B(K + → π + 2ν) < 1.85×10 −10 at 90% CL. This complements the previous finding of BNL E787/949 [7, 8] : B(K + → π + νν) E949 = 1.73 +1. 15 −1.05 × 10 −10 . Evidently, the aforesaid new information from KOTO and NA62 suggests the possibility that the experimental value of the ratio r B = B(K L → π 0 2ν)/B(K + → π + 2ν) exceeds the so-called Grossman-Nir (GN) upper bound [9] , which is about 4.3. It goes without saying that a clear violation of this bound would have important consequences. In this paper we investigate the possibility of such a violation within a scenario with no new particles at the GeV scale with or without lepton number and lepton flavor violation. 1 In the SM the dominant operator at the quark level that induces K → π2ν has the form C sγ µ (1 − γ 5 )d νγ µ ν + H.c. with a complex coefficient C and a left-handed neutrino field ν. The resulting interaction gives rise to an isospin change ∆I = 1/2 and translates into the amplitude ratio A(K L → π 0 νν) SM /A(K + → π + νν) SM = (â 0 /â + )(Im C)/C, with the factorâ 0 /â + ∼ 1 manifesting approximate isospin symmetry, and the branching-fraction ratio r SM B 0.36. If NP is present and generates mainly or purely ∆I = 1/2 effects on these modes, r B may be modified and K L → π 0 2ν, which is mostly CP -violating in the SM, may receive CP -conserving contributions. Thus, such NP could raise r B above r SM B up to r max B 4.3, which is largely due to the ratio τ K L /τ K + 4.1 of the measured K L and K + lifetimes [4] . This can occur in many NP models which contribute to K → π2ν via dimension-six operators involving the quark bilinearssγ µ (1±γ 5 )d and SM fields [9, 17] .
Here we adopt the framework of effective field theory below the electroweak scale, where all the effective operators respect the SM residual gauge symmetry U(1) em × SU(3) color and contain only 1 Several different scenarios involving new particles contributing to K → π plus missing energy to break the GN bound have been studied recently [10] [11] [12] [13] [14] [15] [16] .
the light fields of the minimal SM. The heaver fields c, b, W, Z, h, and t having been integrated out, we will dwell on sub-GeV interactions to examine how the GN bound can be violated. Our focus is on operators which directly contribute to K → π2ν and neglect long-distance contributions arising from Feynman diagrams mediated by light particles (charged leptons and/or mesons), as their effects are severely suppressed within and beyond the SM [18] [19] [20] [21] [22] . Given that the neutrinos in the final states are not experimentally identified and emerge as invisible particles, they can be a neutrino-antineutrino (νν) pair if lepton number is conserved in the process or a pair of neutrinos (νν) or antineutrinos (νν) if lepton number is violated by two units. We will consider all these possibilities in our model-independent analysis. Working with the mesonic realization of quark-level ∆I = 1/2 operators and concentrating on the pertinent kaon and pion interaction terms with the neutrinos, we demonstrate that the GN bound is always respected independent of the CP property of the ∆I = 1/2 operators and whether the emitted neutrino pair has a zero or net lepton number. We also show in a general context that the presence of ∆I = 3/2 operators can lead to a violation of the GN bound, as already pointed out in Ref. [23] in a particular instance.
Isospin symmetry played an important role in the derivation of the GN bound. If the relevant interactions originate from ∆I = 1/2 and ∆I = 3/2 quark-neutrino operators, they bring about, respectively, the components A ∆I=1/2 (K → π2ν) and A ∆I=3/2 (K → π2ν) in the decay amplitudes. For the neutral and charged modes, they satisfy the relations
The GN bound is based on the assumption that the ∆I = 3/2 interaction is absent. Therefore, in the presence of the latter it would be possible to violate the bound.
Even if only the ∆I = 1/2 operators are present, but they involve more than two quarks besides the neutrinos and yield contributions with different CP properties to K L → π 0 2ν, they may seemingly undergo interference which makes its decay rate disrespect the GN bound. However, we find that this interference does not happen if K 0 -K 0 mixing, which is of order 2 × 10 −3 in size [4] , is neglected. We conclude that to violate the GN bound at an observable level requires the ∆I = 3/2 interactions to exist.
II. OPERATORS CONTRIBUTING TO K → πνν, πνν, πνν
An operator which has a two-quark part comprising just the d and s quarks can give rise to only ∆I = 1/2 transitions directly. If the operator involves additional quarks, it may have both ∆I = 1/2 and ∆I = 3/2 components. This applies to the |∆S| = 1 local quark-level operators directly responsible for the lepton number conserving (LNC) decays K → πν ανβ or the lepton number violating (LNV) ones K → πν α ν β , πν ανβ , where α and β refer to the neutrinos' flavors.
To investigate how such operators affect the ∆I = 1/2, 3/2 amplitudes for these processes, we can work with the corresponding local effective operators involving the kaon, pion and neutrinos as dynamical degrees of freedom in the context of chiral perturbation theory [24] [25] [26] .
In the limit that isospin symmetry is preserved, the hadronic counterpart of a quark-level ∆I = 1/2 operator O ∆I=1/2 which induces K → πν ανβ or K → πν α ν β , πν ανβ can be expressed in the generic form 2
where r ≥ 1 and N µ 1 ···µr αβ stands for a neutrino current which can include derivatives. Since the mesonic factor here is totally symmetric in its indices µ 1 · · · µ r , so is N µ 1 ···µr αβ , any portions of the latter antisymmetric in any two of these indices having dropped out. In Eq. (2) we have arranged the derivatives so that they all act on the kaon and neutrino fields but not on the pion ones. This can always be achieved by (repeatedly) performing integration by parts and employing the particles' equations of motion, as we outline later on. If the interaction changes isospin by ∆I = 3/2 instead, the factor −1/ √ 2 in front of π 0 ∂ µ 1 ...∂ µr K 0 above is to be replaced by + √ 2. In general, the ∆I = 1/2, 3/2 contributions can be present simultaneously.
These local meson-neutrino operators can be classified according to their mass dimension and the property of the neutrino current. In this paper we restrict the operators to those with purely left-handed neutrinos and leave the right-handed neutrino case to a future publication. 3 Given that the kaon and pion fields each have mass dimension one, while the neutrino pair has mass dimension three, it is straightforward to realize that Lorentz invariance dictates the lowest dimension of the possible operators in the LNC and LNV cases to be 6 and 5, respectively. For higher-dimensional operators, the dimension counting needs to take into account the contribution of the derivatives in them. It follows that the dimensions of LNC (LNV) operators are even (odd). Moreover, with n f neutrino flavors, there are in total (n − 2)n 2 f independent LNC operators of the form displayed in Eq. (2) at dimension 2n. On the other hand, the total number of independent LNV operators is (n − 2)n 2 f + 1 2 [1 − (−1) n ]n f at dimension 2n − 1. We now describe the expressions for these operators.
A. LNC case
Effective meson-neutrino operators which contribute to K → π2ν and conserve lepton number have mass dimension 2n ≥ 6 and can each be written as a linear combination of
where m ≤ n − 3, with m = 0 assigned to the case where the partial derivatives ∂ µ 1 ...∂ µm are absent, and 4
In this formula the factor with δ αβ and δ 0m in the denominator has been added to ensure that there is no double-counting of these currents when the neutrinos have the same flavor, α = β, and when ∂ µ 1 ...∂ µm are absent. More specifically, in the latter case we set m = 0, for which J µ 1 ...µmρ
, we further see that
and consequently from the latter Q ±,βα 2n,m = ±(−1) m Q ±,αβ 2n,m . It follows that J µ 1 ···µmρ +(−),αα = 0 and hence Q +(−),αα 2n,m = 0 when m is odd (even). Upon comparing Eqs. (2) and (3), one can immediately
2n,m as the neutrino currents N µ 1 ···µmρ . For example, the dimension-6 operator s L γ µ d L ν α γ µ ν β , which occurs in many models (such as the SM if α = β), corresponds to a combination of meson-neutrino operators with n = 3 and m = 0 in the notation convention of Eq. (3), namely
where the right-hand side results from employing chiral perturbation theory at leading order and subsequently applying integration by parts and the particles' equations of motion [18] . As another example, the dimension-10 operator 
whereas Q +,αα 8,1 = 0.
B. LNV case
Meson-neutrino operators contributing to K → π2ν that do not conserve lepton number have mass dimension 2n − 1, with n ≥ 3, and can each be written as a linear combination of
where
the superscript c indicating charge conjugation. 5 In the absence of the partial derivatives ∂ µ 1 ...∂ µm , we set m = 0 and so the currents in Eq.
±,αβ change lepton number by two units and
and consequently from the latter Q ±,βα 2n−1,m = (−1) m Q ±,αβ 2n−1,m , implying that Q ±,αα 2n−1,m = 0 when m is odd. For instance, the dimension-6 and -7 operators
C. Completeness and independence of operators
The above LNC and LNV meson-neutrino operators are independent and form a complete operator basis. Other operators can be expressed as linear combinations of those in this basis by means of the following relations.
Firstly, an operator with a neutrino-current factor ∂ µ N µ 1 ...µm can be transformed into an operator having fewer derivatives and another involving ∂ 2 N µ 1 ...µm after the application of integration by parts and the equations of motion ∂ 2 K = m 2 K K and ∂ 2 π = m 2 π π. Thus
where the first term on the right-hand side is of the form in Eq. (2) and the second term has the form in Eq.
(3) or (8) .
Secondly, in the neutrino part of each operator the derivatives can be arranged so that all of them act on only one of the neutrino fields. For example, in the LNC and LNV cases we could have, respectively,
where the expressions for N µ 1 ...µmρ αβ and N µ 1 ...µm αβ are not explicitly displayed but can be easily written down. Upon contracting the last two equations with the meson parts, we would see that in the resulting operators the terms containing the N s are just of the form in Eq. (13) and the rest of the terms are as those with the currents in Eq. (4) or (9) .
Thirdly, these neutrino currents can be further arranged to be symmetric or antisymmetric under the interchange of α and β with the aid of
where the boxed parts contain a series of terms with derivatives acting on various N s. Lastly, each neutrino current can always be decomposed as a sum of Hermitian and anti-Hermitian components, as was already done in Eqs. (4) and (9). 
where we have taken into account the contributions of all possible LNC operators with n ≥ 3 and 0 ≤ m ≤ n − 3 and C ±,αβ 2n,m are generally complex coefficients which have mass dimension 4 − 2n. Since Q ±,βα 2n,m = ±(−1) m Q ±,αβ 2n,m , as pointed out in subsection II A, it is unnecessary to include the terms C +,βα 2n,m Q +,βα 2n,m + C −,βα 2n,m Q −,βα 2n,m in L lnc πK2ν because they would only lead to the redefining of C ±,αβ 2n,m . For the decays K + (k) → π + ν α (p)ν β (p) and K L (k) → π 0 ν α (p)ν β (p), it is then straightforward to derive from Eq. (16), in conjunction with the approximate relations
where u α and v β are the Dirac spinors of ν α andν β , respectively,ŝ = (p + p) 2 is the 2ν invariant mass squared, P L = (1 − γ 5 )/2,
and we have dropped terms proportional to the kaon-mixing parameter which is around 2 × 10 −3 in size [4] . If α = β in these amplitudes, we need to impose C 
To evaluate the rate from the spin-summed absolute square of each amplitude A K→πνν , we first find spins |u ν / kP L v ν | 2 = 4(k · p)(k · p) − m 2 Kŝ , neglecting neutrino masses, and use it to define the phase-space factor
Then, from Eqs. (17), (18) , (20) , and (21) we arrive at
in the isospin-symmetric limit, the A * i B j interference terms having vanished after phase-space integration due to their being antisymmetric under the exchange of p and p, as can be checked explicitly. Evidently these rates fulfill the relations
Since the neutrinos' flavors are not experimentally identified, both sides of this relation need to be summed over α and β. With the K L and K + lifetimes included in Eq. (24) , the resulting ratio of the K L and K + branching fractions reproduces the GN bound. It is worth noting that we arrive at this conclusion without paying attention to the CP properties of the responsible ∆I = 1/2 operators. 6 Furthermore, it is clearly independent of whether or not lepton flavor is conserved. 7
IV. LNV AMPLITUDES FROM ∆I = 1/2 INTERACTION ONLY
We can write the effective Lagrangian containing the LNV operators Q ±,αβ 2n−1,m in Eq. 
where u α and u β are the Dirac spinors of ν α and ν β , respectively, P R = (1 + γ 5 )/2, and
6 This differs from the conclusion drawn in section 5 of [23] that the GN bound could be violated by CP conserving effects. This difference is because of a missing imaginary unit i in Eq. (C4) in Appendix C in [23] , which implies that the resulting NP contribution to the K L amplitude should be purely imaginary as in the SM part and therefore Eq. (14) therein needs to be corrected accordingly. 7 In [28, 29] the authors claim that the GN bound can be violated if the emitted neutrinos have different flavors.
However, applying the Cauchy-Schwarz inequality to the lepton-flavor-violating (LFV) part of eq. (5.22) in [28] for BR(
This implies that the LFV parts of eq. (5.21) for BR(K + → π + νν) in [28] and of eq. (5.22) therein obey the GN bound.
From L lnv πK2ν we can also obtain the amplitudes for K(k) → πν α (p)ν β (p), with two anti-neutrinos in the final states, namely
where v α and v β are the Dirac spinors ofν α andν β , respectively.
To evaluate the rates, we first obtain Σ spins |u α P R u c β | 2 = Σ spins |v c α P L v β | 2 =ŝ, neglecting neutrino masses, to get the phase-space factor
Then, from Eqs. (26) , (27) , (30), and (30) we arrive at
again in the isospin-symmetric limit, with the factor 1/(1 + δ αβ ) in each equation accounting for the identical particles in the final state if α = β. As the neutrino or antineutrino pair is not observed, these rates lead to
The right-hand side of this equation is unchanged if the numerator and denominator on the lefthand side are both summed over the neutrino flavors. These relations are equivalent to the GN bound in the LNV case.
Given that the LNC and LNV contributions do not interfere with each other, combining Eqs. (24) and (33), we find the most general relation from purely ∆I = 1/2 interactions: 
in the LNC and LNV scenarios, respectively. After incorporating the K + and K L lifetimes, the original GN bound r
The situation described in the preceding paragraph is, of course, not realistic because the SM already generates ∆I = 1/2 amplitudes. The breaking of the GN bound is more likely the combined effect of ∆I = 1/2 and ∆I = 3/2 operators. We now extend the ∆I = 1/2 case discussed in the earlier sections to the more general case in which both ∆I = 1/2 and ∆I = 3/2 operators coexist. In the following we keep the notation C i for the coefficients of the ∆I = 1/2 operators from Sects. III and IV and adoptC i to denote the coefficients of the ∆I = 3/2 operators from the replacement −1/ √ 2 → √ 2 in the LNC and LNV formulas in Eqs.
(3) and (8), respectively. Correspondingly, Ã i ,B i ,C i are the ∆I = 3/2 counterparts of (A i , B i , C i ) in Eqs. (23) and (32). Thus, the ratio of branching fractions of the LNC decays becomes
This can in general have any positive value if there is no requirement on the ∆I = 1/2 and ∆I = 3/2 components. For the LNV transitions, we have
which leads to a conclusion similar to that in the LNC case.
To illustrate this general result, we consider a simple example involving the effective LNC Lagrangian L int =ĉ a Q a +ĉ b Q b + H.c., where Q a and Q b are dimension-6 lepton-flavor-conserving operators which induce ∆I = 1/2 and ∆I = 3/2 transitions, respectively, and are given by
andĉ a andĉ b are their coefficients. The first operator, Q a , is already mentioned in Eq. (6) and can arise in the SM, while Q b can proceed from this ∆I = 3/2 dimension-9 quark-level operator:
If we furthermore impose the SM gauge symmetry, O lnc dim−9 can originate from, for instance, the dimension-10 operator and  H (u, d, and s) here are the SM quark, lepton, and Higgs doublets (quark singlets) under the SU(2) L group, andH = iτ 2 H * . From L int we derive
which in view of Eq. (36) translate into
We can see that this ratio can take any value from zero to infinity whenĉ a andĉ b move in the complex plane. For definiteness, we takeĉ a to be the central value of the SM prediction [23] and suppose thatĉ b stems from O LNC dim−9 in Eq. (39) and has the formĉ b = F K F π Be iθ /Λ 5 where F K(π) is the kaon (pion) decay constant [4] , B = −/(3F 2 π ) ≈ 2.8 GeV whereis the quark condensate which measures the strength of the chiral symmetry breaking effect, θ is some phase, and Λ represents the scale of NP responsible for O lnc dim−9 . In Fig. 1 we display on the left panel the contour plot for the branching-fraction ratio in Eq. (41) on the Λ-θ plane. We depict the predictions of this toy scenario for Λ ∈ [1, 60] GeV and θ ∈ [−π, π] with the green region on the right panel and compare them to an interpretation [11] of the recent KOTO results [1, 5] as well as to the latest NA62 limit [6] . Clearly this model has parameter space which can explain the anomaly in the new preliminary KOTO data [1] but the NP scale has to be of order tens of GeV, as the left plot indicates.
VI. DISCUSSIONS AND CONCLUSIONS
In this paper we demonstrate that the Grossman-Nir bound is always respected independent of the CP property of the ∆I = 1/2 operators, the number of quarks involved, and whether or not the kaon decays conserve lepton number and that the bound is only the result of the ∆I = 1/2 nature of the relevant local operators together with the limits of the neutrino masslessness and the kaon state K L(S) = K 0 + (−)K 0 / √ 2. However, when ∆I = 3/2 operators are included, the GN bound could be violated. Those quark-level ∆I = 3/2 operators first appear at dimension nine. We take the SM ∆I = 1/2 operator and one ∆I = 3/2 operator in a toy scenario to illustrate how the GN bound is violated explicitly. We will present elsewhere a more detailed and systematic study of dim-9 quark-level operators that can violate the bound in the framework of SM effective field theory. [11] of recent KOTO results [1, 5] and to the latest NA62 limit [6] , and the red dot labeled NP corresponds to (Λ, θ) = (39 GeV, −π/4) in this model.
